We analyze the low energy properties of a device with N + 1 quantum dots in a star configuration. A central quantum dot is tunnel coupled to source and drain electrodes and to N quantum dots. Extending previous results for the N = 2 case we show that, in the appropriate parameter regime, the low energy Hamiltonian of the system is a ferromagnetic Kondo model for a S = (N − 1)/2 impurity spin. For small enough interdot tunnel coupling, however, a two-stage Kondo effect takes place as the temperature is decreased. The spin 1/2 in the central quantum dot is Kondo screened first and at lower temperatures the antiferromagnetic coupling to the side-coupled quantum dots leads to an underscreened S = N/2 Kondo effect. We present numerical results for the thermodynamic and spectral properties of the system which show a singular behavior at low temperatures and allow to characterize the different strongly correlated regimes of the device.
I. INTRODUCTION
The ferromagnetic and underscreened Kondo models are examples of quantum impurity problems where the low energy properties cannot be described using Fermiliquid theory [1, 2] . In these models, a local magnetic moment decouples asymptotically at low energies from a non-interacting electron reservoir leading to a singular behavior in the thermodynamic, dynamic, and transport properties of the impurity [3] [4] [5] [6] [7] [8] [9] . The resulting asymptotically free magnetic moment is extremely sensitive to a Zeeman splitting and at zero temperature is easily polarized by any non-zero external magnetic field. The lifting of the degeneracy by the magnetic field changes the nature of the ground state driving the system into a Fermi liquid regime. This extreme sensitivity to external fields could be used in nanoscopic devices to control the electronic and thermal transport and to generate spin currents [10] .
Underscreened Kondo physics has been recently reported in spin-1 molecular junctions and multilevel quantum dots where a single channel (not counting spin) in the electrodes is relevant for the screening process for a wide range of temperatures [11] [12] [13] [14] . In these systems, however, the magnetic moment is expected to be fully screened at low enough temperatures since the coupling to a second conduction channel cannot be ruled out by symmetry considerations. Quantum dot (QD) devices in semiconductor heterostructures offer the possibility of tuning the parameters and setting the geometry to obtain different quantum impurity models [15] . Devices having three QDs in a star configuration have been shown to lead to the spin-1/2 ferromagnetic Kondo model [16] [17] [18] [19] . The realization of such devices would allow the first unambiguous measurement of ferromagnetic Kondo physics. Here we show that including additional side-coupled QDs the system can be used to construct, by appropiatedly setting the parameters, the ferromagnetic Kondo model for a spin S = (N − 1)/2, where N is the number of sidecoupled QDs, and the underscreened Kondo model for a spin S = N/2. In the weak QD-electrodes coupling regime, the low energy properties of the device are dominated by the ground state manifold of the isolated QD array which, as we show below, has spin S = (N − 1)/2 and is ferromagnetically coupled to the electrodes. In the opposite regime, the magnetic moment of the central QD is screened through a regular Kondo effect leading to a local Fermi liquid of quasiparticles [1] . The side-coupled QDs form a spin S = N/2 which is antiferromagnetically coupled to the central QD. To fully quench the associated magnetic moment through Kondo screening, 2S conduction electron channels would be needed. As we show below, there is a single conduction channel available and the magnetic moment is only partially screened. In both regimes and in the crossover between them, there is an asymptotically free S = (N − 1)/2 local magnetic moment at low energies.
We calculate numerically the properties of devices with up to 6 QDs and obtain the expected logarithmic behavior in the thermodynamic and dynamic properties in the ferromagnetic and underscreened Kondo regimes and in the crossover between them.
The rest of the paper is organized as follows: In Sec. II we present the model for the N + 1 QD device. In Sec. III we show that in the appropriate parameter regime, the low energy properties can be described by a S = (N − 1)/2 ferromagnetic Kondo model. Section IV presents the numerical results, using the density matrix extension of Wilson's numerical renormalization group (DM-NRG), for the spectral density of the central QD and the magnetic susceptibility. Finally, in Sec. V we present our conclusions.
For the spin Hamiltonian of Eq. (6) two sublattices can be defined with no interaction between spins on the same sublattice, one formed by the central QD (sublattice A) and other formed by the side-coupled QDs (sublattice B). Under these conditions, the Lieb-Mattis theorem [22] states that the ground state of the system has total spin S = |S A − S B |, where S A (S B ) is the maximum possible total spin on sublattice A (B). This implies that the ground state of the isolated QD system will have total spin S = (N − 1)/2. If we consider identical couplings J = J between the QDs, the spin Hamiltonian reduces to an antiferromagnetic exchange coupling H J → JS 0 · S D between the spin on the central QD and the total spin of the sidecoupled QDs S D = N =1 S and can be readily solved. The eigenstates of H J can be obtained adding the angular momenta of the two sublattices
)/2 we obtain the corresponding eigenvalues:
The minimum energy is obtained for the maximum possible S D = N/2 which results in L = (N −1)/2 as expected from Lieb-Mattis theorem. The corresponding eigenstate is
where S D = N/2, |σ and |S D , S z are the eigenstates of S 2 0 and S 2 D , respectively, with projections σ and S z along theẑ axis, and L m is the projection of the total angular momentum along the same axis.
B. Ferromagnetic Kondo Hamiltonian
In this Section we include the coupling to the electrodes and show that, in the appropriate parameter regime, the ferromagnetic Kondo model for an impurity spin S = (N − 1)/2 describes the low energy spin dynamics of the N + 1 QD device. To that aim it is convenient to rewrite the coupling between the central QD and the electrodes [see Eq. (4)] as
where V = kν |V kν | 2 and c 1σ = 1 V kν V kν c kνσ destroys an electron on the state |Ψ 1 of the electrodes to which the central QD is coupled.
To calculate the ferromagnetic coupling, we perform a second-order perturbation theory in H V (Schrieffer-Wolff transformation) neglecting potential scattering terms and retaining only the magnetic coupling between the band electrons and the ground state manifold of the isolated QD array [see Eq. (9)]. Following the notation and procedure of Ref. [19] for J = J we obtain an exchange coupling which is given by:
and we have neglected the energy of the conduction electrons, compared to the charging energies, since we are focussing our analysis on the low energy properties of the system. We finally obtain a ferromagnetic coupling
for the Kondo Hamiltonian
where s = σσ c † 1σ σ σσ 2 c 1σ is the spin operator of the local state of the electrodes. This result, which extends the N = 2 analysis of Baruselli el al. to arbitrary N , assumes that the ground state manifold of the isolated QD is the only relevant at low energies. As we will see below this is not the case if the coupling to the electrodes is strong enough.
To show this, we perform the Schrieffer-Wolff transformation taking H V as a perturbation without projecting to the ground state manifold of the isolated QD array. We obtain the following Hamiltonian:
where J V = 8V 2 /U 0 is an antiferromagnetic coupling. To arrive to Eq. (13) we have discarded potential scattering terms for simplicity, and we have assumed N J U 0 . In the case that J = J J V , we expect the low energy physics to be dominated by the ground state of the isolated QD array and we project H 1 into its manifold: H 1 → m|H 1 |m where |m ≡ |L, L m . After the projection, the first term of H 1 turns into a constant that we discard. The projection of the second term can be evaluated using the Wigner-Eckart theorem based result [23] :
which for the states of Eq. (9) is:
The minus sign of the proportionality coefficient between S 0 and L leads to a ferromagnetic coupling
) between s and L out of an antiferromagnetic coupling between s and S 0 , and to recover H K as written in Eq. (12) . Note however that to calculate J V we have assumed N J U 0 , if this is not the case we ob-
(N +2)J+2U0 and recover the Kondo coupling of Eq. (11) for the case J = J.
In the general situation where the J are not all identical, the Hamiltonian H J no longer commutes with S 
where θ is a real number. Projecting H 1 into the ground state manifold we obtain a Kondo coupling:
which, as we show in the following section is always ferromagnetic and attains its maximum absolute value for uniform couplings (J = J). The minimum absolute value of J K is zero and is obtained in the limit where one of the J couplings dominates over the others (e.g.
Here we show that the Kondo coupling of Eq. (17) is negative for arbitrary values of N and J > 0. To calculate J K from Eq. (17) only the coefficient θ from the ground state wave-function of the isolated QD array [see Eq. (16)] needs to be obtained. It can be calculated diagonalizing the N × N Hamiltonian matrix associated with the ground state subspace, which we managed to do analytically for arbitrary N only in a few highly symmetric cases. To show that the coupling is ferromagnetic, however, it suffices to obtain a lower bound on the value of cos 2 θ. To that aim we propose a ground state wavefunction of the form:
where the α i are real numbers and the
are "singlets" between the central QD and the i-th QD, with the rest of the spins parallel. Here, the ket |a 0 a 1 · · · a N is a state in the Fock basis where the spin projections along the z-axis for the spin-1/2 on each QD are given by the a . The |S i form a non-orthogonal basis of the subspace with total angular momentum L = (N − 1)/2 where the ground state is to be found according to Lieb-Mattis theorem. This makes a variational calculation of the α i exact for the ground state wavefunction. Applying H J to the proposed wave-function the following linear combination of the |S i is obtained
from which the variational energy E var = Ψ|H J |Ψ can be calculated
that has to be minimized under the normalization constraint:
Since all the coefficients in the quadratic form of Eq. (21) have the same negative sign, the α i that minimize it will also have the same sign and can be chosen as positive (α i > 0) without loss of generality. The coefficient θ can be calculated from the projection of |Ψ on the state
which leads to
Replacing the calculated cos θ in Eq. (17) results in
Due to the positiveness of the α i we have
which using the normalization condition of Eq. (22) leads to i α 2 i ≤ 1 and
Combining Eq. (27) and Eq. (25) we finally obtain J K ≤ 0, showing that the coupling is ferromagnetic. When one of the couplings dominates over the others J =1 /J 1 → 0 we have α 1 = 1, α =1 = 0 and J K = 0. The maximum J K in absolute value is obtained for symmetric couplings J = J for which α = 2 N (N +1) and
D. Two-stage Kondo regime
The projection of H 1 to the ground state manifold of the isolated QDs is justified if the energy gap between the ground state and the first excited state is much larger than the coupling energy to the electrodes. If we assume the opposite situation J V J , the low energy physics can no longer be described by the ferromagnetic Kondo Hamiltonian. For J → 0, the model reduces to the usual spin 1/2 Kondo Hamiltonian and the local magnetic moment of the central QD is screened at temperatures below the Kondo temperature [24] 
where D is a high energy cutoff, and ρ 0 is the local density of states of the electrodes at the effective state |Ψ 1 evaluated at the Fermi energy. The local density of states at the central QD presents an Abrikosov-Suhl resonance of width ∼ k B T 0 K and the local low energy properties can be described by a Fermi liquid with quasiparticles having a renormalized mass
If we turn on a small J = J k B T 0 K , the local spins on the side-coupled QDs couple antiferromagnetically to the local renormalized Fermi liquid at the central QD. This situation has been analyzed for N = 1 using NRG and a slave-boson mean field approach in Ref. [25] . The main conclusion is that for J < k B T 0 K there is a second Kondo effect with a characteristic temperature: As we show below, for N > 1 the situation is analogous to the N = 1 case in the J T 0 K regime. The main difference being that for N = 1 the spin on the side-coupled QD is fully screened while for N > 1 the conduction electron channel available at the central QD is unable to fully screen the local magnetic moments at the side coupled QDs, leading to an underscreened Kondo effect. A numerical analysis shows that the characteristic temperature of the underscreened Kondo effect is well described by Eq. (29).
IV. NUMERICAL RESULTS
We calculate the thermodynamic and spectral properties of the QD system using Wilson's Numerical Renormalization Group [26] [27] [28] [29] [30] [31] [32] with the density matrix extension [33] and z-trick [34] to improve the accuracy of the low temperatures properties and the high energy resolution of the spectral densities, respectively. The electron bath provided by the electrodes is characterized by the hybridization ∆(ω) = πρ 0 (ω)V 2 where ρ 0 (ω) is the local density of states of the electrodes at the orbital |ψ 1 to which the central QD is coupled. For simplicity we take ∆ as energy independent and its support within the range A. Ferromagnetic to underscreened crossover (N = 2) Figure 2 presents the zero-temperature spectral density of the central QD A 0 (ω, T = 0) in a N = 2 device, with identical QDs (U = U , ε = −U/2), for different values of the interdot tunnel coupling t = t. In this parameter regime there is a single electron on average on each QD. For t = 0 we obtain an Abrikosov-Suhl resonance at the Fermi level associated with the screening of the magnetic moment of the central QD. The full width at half maximum of the resonance is ∼ k B T 0 K and its height at the Fermi level A 0 (ω = 0) = 2/π∆ according to Friedel's sum rule [35] for the Anderson model. There are also two peaks at ω ε 0 , and U 0 + ε 0 associated with charge fluctuations.
When a small coupling t between the QDs is included the spectral density develops a dip and vanishes at the Fermi level. The dip is associated with the underscreening of the magnetic moment of the side-coupled QDs and leads to a complete suppression of the spectral density at the Fermi level at zero temperature. This dip can be interpreted in terms of a Kondo hole formed as a consequence of the strong coupling between the side-coupled QDs and the central QD. For N = 2 the vanishing of the spectral density at the Fermi level is contrary to the expectations from Fermi liquid theory and Luttinger's theorem [36] that predicts for this system in the widebandwith limit [37] 
where N σ is the total occupancy per spin of the QD array [38] . In the absence of a magnetic field we have N ↑ = N ↓ and in the electron-hole symmetric situation we have N σ = (N + 1)/2, and
For t > 0 the spectral densities of Fig. 2 do not satisfy Eq. (31) indicating a non-Fermi liquid (NFL) behavior and a non-vanishing Luttinger integral [39] . In the left inset to Fig. 2 we plot [A 0 (ω)] −1/2 as a function of ln(ω) which shows a linear behavior at low energies consistent with a singular behavior of the form
at low energies, as expected for the ferromagnetic and underscreened Kondo models [6, 40] . The width of the dip increases with increasing t (see right inset to Fig. 2 ) and suppresses the Abrikosov-Suhl resonance. For large enough t the Kondo effect associated with the screening of the central QD does not develop and the system is in the ferromagnetic Kondo regime. The behavior of The underscreened and ferromagnetic Kondo regimes can also be identified through the behavior of the magnetic susceptibility contribution χ QD of the QD array as a function of the temperature. The magnetic susceptibility χ QD can be calculated assuming a coupling term:
between the magnetic moment of the QD array µ = g e µ B S and an external magnetic field B. For a free total spin L, the temperature dependence of the magnetic susceptibility follows a Curie law:
where
2 L(L + 1)/3 is the Curie constant. In the general case, the spin in the QD is not free and several spin multiplets may be relevant at a given temperature. It is nevertheless useful to define a temperature dependent magnetic moment squared µ at zero field subtracting the contribution from the electrodes [24] . In Fig. 4 we plot µ 2 as a function of temperature. In the high temperature regime (k B T U, t, ∆) all states of the QD array are equally probable which leads to µ 2 ∼ 3/8(g e µ B ) 2 , with each QD contributing
2 to the magnetic moment. For J k B T 0 K , µ 2 (T ) has two peaks as a function of the temperature. The high temperature peak at T ∼ U/k B is associated with the formation of a spin-1/2 magnetic moment on each of the QDs which for three isolated QDs would lead to an increase in µ 2 up to 3/4(g e µ B ) 2 . The Kondo screening of the magnetic moment of the central QD leads to a decrease in µ 2 as the temperature is lowered which for J → 0 would reach a plateau at 1/2(g e µ B )
2 associated with the two remaining uncoupled magnetic moments on the side-coupled QDs. The low temperature peak in µ 2 is due to the coupling of the magnetic moments of the sidecoupled QD (through the central QD) to form a triplet state with spin S = 1 [the magnetic moment squared associated with a spin 1 is 2/3(g e µ B ) 2 ]. For lower temperatures the spin triplet is partially screened by the Kondo quasiparticles at the central QD leading to a residual magnetic moment µ 2 0 = 1/4(g e µ B ) 2 as T → 0, due to an asymptotically free spin-1/2.
As J increases (t increases) the two peaks in µ 2 decrease their amplitude and for J k B T 0 K the low temperature peak disappears. In the latter regime, the magnetic moments of the QDs couple to form a spin 1/2 at a temperature T ∼ J/k B and the two screening processes of the J k B T 0 K regime do not take place. The spin 1/2, which is coupled ferromagnetically to the electrodes, decouples asymptotically as the temperature is lowered [41] leading to a zero temperature magnetic moment
2 . In the whole range of values of t = 0 explored the low temperature magnetic moment presents a singular behavior of the form
as expected from the Bethe ansatz solutions of the underscreened and ferromagnetic Kondo models [42] [43] [44] . This is illustrated in the inset to 2 and a temperature scale T 0 ∼ T 0 .
B.
N dependence of the low-energy properties
To reduce the computational cost of the numerical calculations we consider in what follows a weak interdot coupling regime where we can decouple the degrees of freedom associated with the empty and double occupied states in the side-coupled QDs and describe the coupling between QDs using Eq. (6). We also focus, for simplicity, our analysis on the electron-hole symmetric situation and J = J. We have checked numerically that our conclusions hold for a wide range of parameters where these conditions are not met, breaking the electron-hole symmetry and the symmetry of the exchange couplings.
The analysis of the previous section can be extended for any number of side-coupled quantum dots. As it was shown in Sec. III C, for a weak coupling of the central QD to the electrodes k B T 0 K J, the low energy Hamiltonian of the system is a ferromagnetic Kondo model for a spin S = (N − 1)/2. As we show below, in the opposite situation where J k B T 0 K this is not the case. As the temperature is lowered below T by Eq. (32) which is confirmed plotting A 0 (ω) −1/2 as a function of ln(ω) (see left inset in Fig. 5 ).
The spectral density in the ferromagnetic Kondo regime is presented in Fig. 6 for systems with up to 5 side coupled QDs. There is no Abrikosov-Suhl resonace in this case but a suppression of the density of states at low energies. For ω → 0 a logarithmic behavior is obtained (see left inset in Fig. 6 ) with a characteristic scale T 0 that is shown in the right inset of the figure. T 0 shows the expected behavior T 0 ∼ D/k B |ρ 0 J K | exp(−1/ρ 0 J K ), with J K given by Eq. (11), as a function of N which is presented as a dashed style line in the figure.
The low energy thermodynamic properties show a different behavior as a function of the temperature in the ferromagnetic and two-stage Kondo regimes. Figure 7 presents the magnetic moment squared µ 2 (T ) of the QD array as a function of the temperature. We also present, as a reference, the values of µ 2 (T ) for the QDs decoupled from the electrodes (V = 0). As expected in both the ferromagnetic Kondo and the underscreened Kondo regimes, the low and high temperature limits coincide with the isolated QD array results. In the T → 0 limit both in the underscreened and in the ferromagnetic Kondo regimes the QD array has a magnetic moment µ In the ferromagnetic Kondo regime µ 2 (T ) deviates only slightly from the isolated QD array results. The coupling to the electrodes produces a small deviation which vanishes logarithmically as the temperature is lowered and the QD array effectively decouples from the electrodes. In the underscreened Kondo regime, however, the behavior of µ 2 (T ) is more complex and the two Kondo screening processes can be observed as the temperature is lowered. For k B T U 0 a magnetic moment forms in the central QD, leading to an increase in µ 2 , which at lower temperatures is screened by the conduction electrons. For thermal energies lower than J, the spins on the side coupled QD form a magnetic moment associated to a spin S = N/2 leading to a peak in µ 2 that reaches ∼ N (N + 1)/12 for k B T ∼ J. The magnetic moment is partially screened leading to a logarithmic reduction of µ 2 as T → 0.
V. SUMMARY AND CONCLUSIONS
We have analyzed the properties of a N + 1 QD dot device in a star configuration and showed that, as a function of the tunnel coupling V between the central QD an the electrodes, there is a crossover between a ferromagnetic Kondo regime and a two-stage Kondo regime. In the weak coupling regime, the low energy properties are described by a ferromagnetic Kondo Hamiltonian for a spin S = (N − 1)/2 impurity. In the strong coupling regime two Kondo effects take place successively as the temperature is lowered, a first stage were the spin-1/2 of the central QD is screened by a regular Kondo effect and a second stage were a spin S = N/2 in the sidecoupled QDs is partially screened and reduced to a spin S = (N − 1)/2 in the ground state. In the full range of values of V = 0 the ground state of the system has spin S = (N − 1)/2 and the low energy dynamic and thermodynamic properties have a singular behavior.
A numerical analysis of systems with up to 5 sidecoupled QDs shows a singular behavior in the low energy spectral density of the central QD which determines the linear transport properties of the device and is accessible experimentally via spectroscopic measurements, in which one of the electrodes is weakly coupled to the central QD. We will present in a forthcoming publication the thermoelectric and magnetoelectric properties of the device that also show clear signatures of the singular low energy behavior of the device and allow to distinguish the different strongly correlated regimes.
This QD devices would allow the observation of the so far elusive ferromagnetic Kondo effect for a spin S ≥ 1/2 and the underscreened Kondo effect for a spin S ≥ 1. Devices with more than five QDs may be difficult to construct therefore limiting the maximum value of the spin in the impurity models. The models described could be also applied to magnetic molecules coupled to electrodes or arrays of magnetic atoms on metallic surfaces [45] .
